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Mathematicul systems unulysis of a fundrtmentul tree growth model has led to u system of ordinary 
differential equations with non-differentiable right hand side. The equations involve two dumnge 
parameters which are responsible for the different hehuvioral modes of the solutions. It wus found 
that, besides exponentially increasing or strrgnating solutions, three types of decreusing solutions with 
different rate constants coexist. The corresponding domuins of uttruction are obtuined. Since the 
results coincide with the rectl-world phenomenu, the model is suitable for pructicctl applications und 
further reseurch. 
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Introduction 
When forest decline 
tree growth model. parameter dependence, Lyapunov stability, rate constant, domain of 
was first recognized some years . 
ago, researchers started to model tree growth dynam- 
ics using differential equation models.‘-” Because of 
the natural complexity of the real-world phenomena, 
the resulting differential equations are normally not 
useful for a rigorous mathematical systems analysis. 
This has led us to investigate the possibilities of model 
simplification on the one hand (reduction of dimen- 
sion,5 parameter identification,h sensitivity analysis,’ 
etc.), and to attempt the construction of more basic 
differential equations on the other. 
This paper takes up a model proposed by Bossel 
1986.’ The model describes tree growth dynamics in 
the presence and absence of pollution stress. The es- 
sential state variables are the leaf mass, the fine root 
mass and the woody biomass. Since the general struc- 
ture of the equations is used in various models at dif- 
ferent levels of complexity,’ it is of interest to study 
in more detail the behavior of the resulting solutions 
as function of the two damage parameters. 
Numerical simulations have shown that three dif- 
ferent solution characteristics can be discerned. De- 
pending on the values of the two damage parameters 
the solutions increase in the absence of pollution stress, 
stagnate in the case of moderate pollution stress (no 
further increment and losses of the state variables), 
and tend to zero under severe stress.x These behavioral 
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modes, and also the corresponding domains of attrac- 
tion, were obtained by numerical simulations over a 
large interval of time. 
The model 
Consider the tree as a coupled system of the above- 
ground foliage and the belowground root system. By 
photosynthesis, the specific function of the foliage is 
to produce assimilate, while the roots have to supply 
the tree with nutrients and water. Both functions can 
be disturbed due to pollution stress. On the one hand, 
the specific leaf efficiency E E [w can be reduced by 
air pollutants; on the other hand, the root turnover 
factor p E Iw can increase the normal feeder root turn- 
over as a result of acid deposition. In the absence of 
pollution we have (E,P) = (],I). Respiration of the 
different components of the tree (roots, foliage, woody 
biomass), fructification, and possible biomass incre- 
ment require a certain amount of assimilate which may 
or may not be available. As a measure for the avail- 
ability of assimilate introduce the ratio 
0 < E 5 1, 1 5 p < i, 0 < ul,a2,u3 5 I, where I 
denotes the leaf mass, and b the woody biomass of the 
tree. The numerator represents the available amount 
of assimilate, e.g. the difference of assimilate produced 
(4, and maintenance respiration needs (uib). Con- 
versely, the denominator represents the amount of as- 
similate required for renewal needs, e.g. for fructifi- 
cation and leaf renewal (a?/~). and feeder root renewal 
(44). 
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i = -c,l+ c,b Obviously, the three possible cases cp 5 0, 0 < cp < 
1, and 1 I cp indicate the assimilate state of the tree. 
The main idea now is to reduce essential tree functions 
in proportion to the actual value of cp. If 0 < cp < 1, 
the assimilate demand is higher than the available re- 
sources. Hence both, feeder root renewal and leaf re- 
newal are reduced according to the actual value of cp, 
and the woody biomass does not increase. The cor- 
responding loss rates remain unaffected (cf. (2b)). Fur- 
ther stress leads to cp I 0 and stops leaf and root re- 
newal totally (cf. (2a)). Otherwise, if 1 I cp, the tree 
has enough assimilate to cover all demands. Now, feeder 
root turnover as well as leaf turnover are unaffected, 
while the remaining assimilate ~(1 - a3p)l - (a, + 
az)b from (1) is available for biomass increment (cf. 
(2~)). Finally, we assume the leaf turnover rate to be 
higher than the natural woody biomass loss rate, ac- 
cording to the reality. 
i = l pl - pr 
b = Cz(E(l - a3p)l 
for I 5 p (2cl 
- (a, + u,)b) - c3b 
with c,,c~,c~ > 0, cl > ~3, l,r,b 2 0, 0 < E 5 1, and 
ISp<L 
a3 
Setting the initial conditions to the normalized value 
(I(O), r(O), b(0))T = (lo,ro,bo)T = (l,l,l)T, equation (2) 
is a nonlinear autonomous initial value problem for the 
unknown functions 1, r, and 6. 
Using the above considerations and balancing of all 
flows leads to the following system of differential equa- 
tions for leaf mass 1, fine root mass r, and woody bio- 
mass b8 
i= -c,l 
i= -pr 
b= -c3b 
i = -c,l+ c,cpb 
i = qxpl - pr 
b = -c3b 
for950 (2a) 
forO<cp< 1 (2b) 
Formally, putting cp = 0 in (2b) yields the right hand 
side of (2a), and putting cp = 1 yields the right hand 
side of (2~). Thus, the function cp can be treated as 
involved in the right hand side of (2a)-(2c), but is ar- 
tificially limited to the closed interval [O,l]. This con- 
cept of “limiter functions” is usual in system dynamics,” 
and is a basic principle in the field of forest ecosystem 
modelling.’ Therefore, the right hand side of the full 
system (2) is given by the above definition by cases 
and is a continuous function of its variables, but not 
differentiable at cp = 0 and cp = 1. For that reason, the 
existence and uniqueness of the solutions of (2) is of 
special interest. Furthermore, the domain of definition 
D := rW,t x IR’,’ x rW$ of (2) decomposes into the 
domains 
(34 
D,:= (l,r,b)TED: 
l (l - QP) (3b) u + u 
I 2 
D, := (l,r,b)T E D : b 5 
E(1 - U3P) 
u,+u2 
(3c) 
of the subsystems (2a)-(2c), depending on the value 
of cp. 
Let us now introduce for all (l,r,b)T E D the function 
R defined by the right hand side of (2) and let us verify 
the Lipschitz condition on D. It is clear that for all 
points X, and x2 which belong to the same subset Do, 
D,, or D, of D, the Lipschitz condition holds, because 
the corresponding restriction of R is continuously dif- 
ferentiable (cf. (2)). Otherwise, if xl and x2 belong to 
adjoining subsets, for example x, E D,, x2 E Do, con- 
sider the point of intersection of the line segment be- 
tween x, and x2 and the separating plane E of Do and 
D‘P 
x3 .- ‘ mf?E,with 
E:= (f,r,b)TED:b = :l 
1 
(4) 
and introduce the new function a, defined on D := 
D, u E\(O,O,O)T by 
Obviously, fi coincides with 1R on 0, even at cp = 
0. Since a E C,(D) and x3 E D it follows 
Ilfu,) - W2)ll 5 Ilfm,) - W3)ll + IlW3) - W2N 
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Because all other cases follow similarly from the 
above, the Lipschitz condition holds for all points x,, 
x2 E D. Consequently, the solution of (2) exists for 
every (lo,rO,bJT E D and is unique. Moreover, it is 
easy to see that the solution exists for all t 2 0. 
Stability analysis of the subsystems of (2) 
The general behavior of the solution of (2) depends 
mainly on the behavior of the subsystems (2a)-(2c) 
and on the value of cp from (1) as function of the state 
variables 1, 6, and the damage parameters E and p. Let 
us rewrite (2) in the form 
i = f(l,b;E,p) 
i = g(l,r,b;e,p), (lo,ro,bo)‘r = (l,I, 1 IT 
b = h(f,b;c,p) 
(7) 
where the functions f, g, and h are defined for cp 5 0, 
0 < cp < 1 and 1 5 cp by (2a)-(2c) on the corresponding 
domains D,,, D, or D, from (3a)-(3c). Obviously, the 
functions f and h are independent of the root mass r. 
Therefore, the dynamics of (7) is mainly determined 
by the two-dimensional subsystem for 1 and b. 
The case I 5 cp 
If the tree’s assimilate resources are high enough, 
cp will be numerically greater than or equal to 1. In this 
-l<h,cr-1 
a3 
case (7) degenerates to the homogenous linear system 
(2~). Let us denote by A the matrix 
A:= [-;; -; _;) (8) 
cy:= c+(l - a,p),p:= cz(a, + a?) + c3, (9) 
whose elements are the coefficients of (2c), and assume 
det(A) # 0. 
Because the solution of the homogenous equation 
A.(I,r,b)T = (O,O,O)T is given by (I,r,b)T = (O,O,O)‘r E 
D,, no other critical point of A exists. Let us check 
the type of stability. From the characteristic equation 
p(A) := (-p - A)(A2 + (p + c,)A 
+ c,(P - a)) (10) 
the eigenvalues 
A, = -p,and 
A 2.3 = - 
1d P+cl : 
2 -2 
(p - c,)2 + 4c,Ly (11) 
are obtained. The eigenvalues can be estimated. First, 
1 
using (9), 0 < E 5 1, and 1 4 p < - , yields 0 < (Y 5 
cZ( 1 - a3). Second, using this estim%ion for a and (11) 
it follows 
(12) 
-p - c, + V\/(p - (.,)? + 4c,c2(1 - ai) (13) 
-p - cl - d\/(p - c,)‘+ 4c,c?(I - ax) (14) 
Furthermore, condition (13) can be strengthened if we 
assume in addition cx < /3. This leads to 
o< (p - c,)2 + 4c,a 
= v$’ - 2pc, + cf + 4c,a 
< V/3’ + 2pc, + CT 
=p+c, (15) 
and hence from the definition (11) to A2 < 0. 
Summing up, if det(A) # 0 and (Y < p, the equilib- 
rium (O,O,O)’ E D, is asymptotically stable in the sense 
of Lyapunov.,, Its domain of attraction is D, (cf. (3~)). 
Otherwise, if p < a, it is unstable. 
Using the eigenvalues (1 l), the corresponding ei- 
genvectors and hence the solution of initial value prob- 
lem (2~) can be written down as 
for all t 2 0, and with 
1 
EP 
AZ + P 
i 
+ s3ehJt 
lA2+l 
Cl 
1 
EP 
A3 + P 
IAl+ 
Cl 
(16) 
A3 s,=l-p EP A2 EP A3 -+------ ~ A2 
A3 - A2 A2 + P A3 _ A2 A3 + p ’ s2 = A3 - A2 ’ s3 = - A3 - A2 
(17) 
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Let us now give another interpretation of the above 
stability criterion from the point of view of biology. In 
case of p < (Y, the trivial solution is unstable and hence 
the tree survives. Moreover, from (16) the functions 
I(r), v(t), and b(t) are obtained as exponentially increas- 
ing for numerically increasing t. Otherwise, if a < p, 
for every initial value (lO,vO,bO)T E D, the correspond- 
ing solution tends to (O,O,O)T as t + x, e.g. the tree 
dies. Until now, nothing has been said about the rate 
constant of breakdown. To do this, let us assume 
P - c3 = (Y < j3 (e.g. A2 < 0 from (IS)), and introduce 
the half-life period T, of the leaf mass as a measurement 
for the unknown rate constant. First, p - c3 = (Y yields 
a, + (12 = E(1 - a3p) (cf. (9)), and hence 
as r tends to infinity. Since the value of E is less than 
or equal to the initial value r0 = 1, we have obtained 
the result that the solution of (2~) ‘stagnates’ if d ap- 
proaches infinity. 
Obviously, the tree has no assimilate available for bio- 
mass increment at t = 0, and (18) describes the most 
unfavorable initial state. Later, it will be shown that 
the above condition p - c3 = CY < p is sufficient to 
guarantee q(t) ZY 1 for all r 2 0. Thus, by means of 
b = al - pb = CZ(E(I - a3p)l 
- (a, + a2)b) - csb 2 - c3b (19) 
it follows the estimation b(t) z_ e-<‘,’ fey all f 2 0. 
Introducing f(t) as solution of 1 = -c,l + c,e-“j’, 
I(0) = 1, leads to 
r(t) = - Ae - (‘,f 
Cl - C3 
+ 
Cl 
pepr’JrZ emc-7r, C, > ~3, (20) 
Cl - C3 
for all t 2 0. Hence, T, (of I) may be estimated by 
1 
T, z- -In 2 
C 3 
(21) 
Under real conditions the natural biomass loss rate c3 
is expected to be close to 0. Consequently, the value 
of 7, is numerically large, e.g. we observe a small rate 
constant of breakdown in case of slight pollution stress. 
The above considerations were made under the 
major assumption det(A) # 0. On the contrary, if 
det(A) = 0, it follows that (Y = p. Therefore, the last 
line of the matrix A from (8) becomes a multiple of the 
first line, and the solution satisfying the initial condi- 
tion (lo,rO,bO) = (l,l, 1) is given by: 
Obviously, from (22) we obtain the asymptotically 
stable equilibrium (l,r,b)T = (l,~,l)~ E D, (cf. (3~)). 
Its domain of attraction is D,. Furthermore, using 
(Y = p, and (22) it follows from the definition of 9 = 
p(t) (cf. (1)) q(t) > 1 for all t 2 0, e.g. the trajectory 
of (22) cannot leave D,. 
The above leads to the conclusion that for LY = p 
every solution tends to the equilibrium (f,r,b)T = (1 ,E, l)T 
The cuse 0 < cp < 1 
If the amount of assimilate is considerably lower 
than is required for optimal growth, we have cp E (0,l). 
In this state, the tree is no longer able to achieve an 
increment in biomass. Thus, the equation for the bio- 
mass degenerates, and as a result of the definition (1) 
of cp, the resulting model equations (2b) are now non- 
linear. 
Let us assume 0 < cp < 1 and introduce the corre- 
sponding domain D, of (2b). Since D, does not contain 
a stationary point of (2b), every trajectoryAbelonging 
to D, can either forAa certain point of time t leave the 
domain D, (e.g. q(t) $Z (O,l)), or it belongs to D, for 
all t 2 i. In the latter situation, by means of the defi- 
nition of D, from (3b), the solution has to satisfy the 
condition 
O< 
41 - a3p) 
u 
I 
+ u 
2 
I(t) < b(t) < d l(t) (23) 
for all t 2 r”, and hence from b(t) = ce-I”‘?)‘, c E R, 
the limiting relations 
limb(t) = 0, lim l(t) = 0, and lim r(t) = 0 (24) 
I-= f-x f--f= 
Anyway, from the above follows that the long-term 
behavior of the solution of (2b) does not differ from 
that of (2a) and (2~). 
Again, if we consider a solution whose trajectory 
belongs to D, for all t e 0, the half-life period of the 
leaf mass 7V is an indicator of the rate constant of 
breakdown. From (2b) and (3b) easily follows 
l(t) < 
al + a2 
41 - a3p) 
e(- lic’lb =: s(t), t 2 () (25) 
and hence 
1 0 1 4-w) TpSs-’ - = --_In 2 C3 2(Ul + a*) 
in comparison to (21). On the other hand, i = - c,l + 
c,cpb e -c,l yields 7V 2 (l/c,) In 2. Hence, the half- 
life period T,+ satisfies 
1 aa, + a2) 
lln257,+5-ln 
Cl C3 41 - a3p) 
(26) 
The case cp zs 0 
Due to pollution stress, the assimilate production 
can be strongly affected: The tree is neither able to 
take care of its assimilate needs for maintenance res- 
piration, nor to supply the renewal needs of its organs. 
In this situation the value of cp is numerically less than 
or equal to 0, and (2a) describes the dynamic response 
of the exhausted assimilate budget. From (2a) it is clear 
that all solutions approach the trivial solution as t tends 
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to infinity. The expression for the half-life period of 
the leaf mass r. is simply given by Furthermore, /3 < (Y 5 
2c,c3 
cz(al + 02) 
+ p yields 
ro=Lln2 (27) 
cl 
Behavior of the full system (2) 
The results from the considerations above are useful 
for understanding the behavior of the solution of the 
full system (2) on its domain D = Do U D, U D,. 
Generally, it is clear that for all points (&,~~,b~)~ E D, 
and for all t 2 0 the solution of (2) exists and is unique. 
Depending on the values of the damage parameters E 
and p, the value of cp, and of (Y from (9) (and hence of 
the eigenvalues) changes. 
If cp 2 1, we can distinguish between the following 
cases: (I) The trivial solution is unstable for Q < /3, 
e.g. the tree grows in the absence of pollution stress. 
(2) A non-trivial equilibrium appears for (Y = p, while 
the trivial solution is no longer an equilibrium. This 
means that in case of moderate pollution stress the tree 
enters a stagnation mode: it survives, but is not able 
to achieve biomass increment, (3) p < (Y causes the 
asymptotically stable trivial solution. In this case, the 
pollution stress has reached a threshold value which 
leads to the breakdown of the tree. From the half-life 
period of the leaf mass (21) we observe a numerically 
small rate constant of breakdown. 
If 0 < cp < 1, the solutions I, Y, b may tend to 0 with 
a rate constant which is significantly lower than the 
one for cp 2 1 (cf. 26), e.g. the tree dies in case of 
severe pollution stress, or cp changes its value: Either 
the tree can recover from the severe stress (cp becomes 
equal to l), or the assimilate resources are totally ex- 
hausted and cp becomes equal to 0. This will accelerate 
the breakdown process. 
If cp 5 0, the tree has no assimilate reserves and 
hence it dies. From the half-life period of the leaf mass 
(27) follows the highest rate constant of breakdown. 
Although we know the long-term behavior of the 
solution as function of cp, it is of interest to search for 
conditions which guarantee the same system behavior 
for all t 2 0. This is the question of finding invariant 
subsets of the phase space D. To do so, let us first 
assume /3 < a 5 2Cl c3 
c2(a1 + a21 
+ p and (ko,ro,bO)T = 
(I,1 ,I)T. By means of (9), and the definition of cp (cf. 
(l)), it is easily found q(O) = cp(lo,bo;c,p) > 1. Thus, 
the solution of (2) is given by (16) and cp may be re- 
written as 
q(t) = 
d(t) - a, b(t) 
azb(t> + a3dt) 
eA2r _ ehlr 
cE - uJ - ul 6 A2h3 h3eh?f _ A 
2 
eAxt 
1 (28) 
AZ<_P l 
2 
+ TV(c! - cJ2 + 4c,cr 
= ;(a - “)~c2(~l~n2) 
and with (29), the estimation is 
+l+;**) - Wii,(l +;A,) 
=:-in, +.1,(1+$) 
>&(a, ..J(l +;A?) 
= z - (a, + +, 
>o 
Using 1 + b A2 > 1, (28) and (30) it follows 
I 
(2% 
(30) 
cp(O)= E-ua, > 
c-u,(l ++) 
U3EP + U2 
U3EP+U2 1 +‘*2 
( 1 Cl 
= lim q(t) > 1 (31) 
1-x 
Finally, if we take into consideration 
4(t) = 
E(U2 + U 1 U3p)(h2h$ - 2hfh: + hih3) 
c,(U,b(f) + U3qW)2 
<o,tro (32) 
the result is p(t) > 1 for all t 2 0. Consequently, on 
condition that 
p<as 
2c, c3 
C?(Ui + Ur) 
+P 
the tree will grow forever. 
On the contrary, if p - c3 5 (Y < p and 
(lo,ro,bo)T = (1 ,l, l)T, again we have ~(0) 2 1, and there- 
fore the biomass/leaf proportion is 
b(t) *3($*2 + l)eAi’ - n,($n3 + l)e”” 
-_= 
I(f) h3efJ2r _ h2eA3t 
eAzr - ehzr 
= l +LA2A3Ae”.‘_he”3’ 
Cl 3 2 
=I 1 + $*2*3y(l) (33) 
Since (11) yields h2 # h3, and the function 4 of (33) 
satisfies the conditions q(O) = 0 as well as 
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(34) 
the value q(O) is an upper bound of q(t). This leads to 
the following estimation for the biomass/leaf ratio: 
b(t) 
- = 1 + $,h,&) 5 1 
l(t) 
+ $h,h,q(O) = 1,tro. (35) 
Consider now the situation (Y 2 p - c3. This yields 
4--3p) a 
=_>,>b(f) tzo 
aI + a2 p - c3 - - l(t) ’ 
(36) 
and finally q(t) 2 1 for all t 2 0. Consequently, the 
tree dies provided that p - c3 I (Y < p. 
Since it was pointed out before that q(t) 2 1 for 
(Y = p and (lo,r,,,b,,)T = (l,l,l)T (e.g. for (Y = p the 
tree remains in the stagnation mode forever), we turn 
to the situation q(t) = 0 for an arbitrary t 2 0. Now, 
from the definition of cp follows /(t^) = 5 b(f), and hence 
E 
by means of c, > c~, 
(37) 
for all t 2 i, e.g. again the tree dies. 
The stability properties of the full system (2) are 
r/l ro=81n2 j+* 
Figure 1. Stability of the trivial solution as function of leaf ef- 
ficiency E, fine root turnover p, and the biomass/leaf ratio : If 
the assimilate availability function ‘p satisfies cp 2 1, the trivial 
solution can either be asymptotically stable (breakdown mode), 
or unstable (growth mode). The dotted line represents the stag- 
nation mode (the trivial equilibrium disappears, while a non- 
trivial equilibrium appears). Breakdown also occurs for param- 
eter combinations leading to cp c 1. All three breakdown modes 
can be distinguished by their half-life periods 7,,, TV, or 7,. The 
realistic numerical factors (from BosseP) are a, = 0.3, a2 = 
0.235, a3 = 0.065, c, = 0.125, cz = 0.075, cJ = 0.01 
summarized in Figure 1 as function of the damage pa- 
rameters E, p, and the biomass/leaf ratio. The desig- 
nated domains are obtained by the derived stability 
properties and the definition of cp from (1). Note that 
the curve which separates the domain cp 1 1 denotes 
the stagnation area. The numerical factors are from 
Bosse18 and correspond to realistic data. 
Figure 1 shows also the four obtained invariant sub- 
sets, here in the 
b 
( ) 
--,E,P 
I 
space. Besides the breakdown 
area for cp I 0, in the neighborhood of the stagnation 
area (a = p) appear the two domains for p - c3 I 
cr < p, and p < (Y 5 
2c, c3 
c2(a, + 4 
+ p. A trajectory 
which belongs for t = 0 to anyone of these subsets, 
cannot leave it for every t 2 0. Because older trees 
have a higher biomass/leaf ratio than younger, they are 
more susceptible to pollution stress, clearly visible in 
Figure 1. 
Conclusions 
The model discussed in this paper involves a non- 
differentiable right hand side caused by the comparison 
of the assimilate resources and the demand. The nu- 
merical value of this ratio will be restricted to the 
boundary values if it leaves the interval [O,l]. Since 
this concept of “limiter-functions” is a basic principle 
of forest ecosystem modelling,’ the corresponding 
mathematical problems of other forest models are sim- 
ilar to the above. 
We have shown that the behavior of the full system 
depends on the subsystems as well as on the “control- 
function” cp. In this sense the nonlinear subsystem 
plays a minor role for the qualitative behavior of the 
full systems. It merely connects the systems for cp Z- 
1 and cp I 0 and does not involve a different qualitative 
behavior of its solution. 
The solutions of (2) show three different qualitative 
characteristics depending on the values of the damage 
parameters: (I) growth in case of slight pollution stress, 
(2) stagnation (no further increment or loss) in case of 
moderate stress, and (3) breakdown in case of severe 
stress. As an indicator for the rate constant of break- 
down, the half-life period of the leaf mass was intro- 
duced. This led to the distinction of three types of 
breakdowns with different magnitudes of the corre- 
sponding rate constants. Since these phenomena are 
observable in real forest ecosystems, models like (2) 
are structurally valid models which can be used as basis 
for further research. 
Notation 
assimilate demand for respi- 
ration (dimensionless) 
assimilate demand for fructi- 
fication and leaf renewal 
(dimensionless) 
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assimilate demand for feeder 
root renewal (dimension- 
less) 
matrix of coefficients of (2~) 
abbreviation (time ‘) 
normalized biomass (mass) 
initial normalized biomass 
(mass) 
abbreviation (time ‘) 
natural leaf turnover rate 
(time ‘) 
biomass increment scaling 
factor (time ‘) 
natural woody biomass loss 
rate (time _ ‘) 
domain of 1R 
domain of n 
domain of right hand side of 
(2a) 
domain of right hand side of 
(2c) 
domain of right hand side of 
(2b) 
separating plane between Do 
and ?V. 
leaf efftctency (dimension- 
less) 
assimilate availability 
(dimensionless) 
normalized leaf mass (mass) 
initial normalized leaf mass 
(mass) 
eigenvalues of matrix A 
vector field of (2) 
continuation of a restriction 
of 1R 
characteristic equation of A 
normalized root mass (mass) 
initial normalized root mass 
(mass) 
root turnover factor (dimen- 
sionless) 
integration constants (dimen- 
sionless) 
time 
half-life period of leaf mass 
of (2a) (time) 
half-life period of leaf mass 
of (2c) (time) 
half-life period of leaf mass 
of (2b) (time) 
elements of D 
intersecting point of the line 
segment between x, and x1 
and the plane E 
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